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Abstract
We demonstrate that all gauge instantons in a d = 3 + 1 Yang-Mills
theory, with generic topological vacuum charge K, correspond to soliton
solutions and kink scalar fields in d = 4 + 1 space-time.
1 Introduction
G. Dvali, H. B. Nielsen and N. Tetradis (DNT) have studied the dynamical localization
of a d = 3 gauge field in a lower dimensional 2-d surface [1]. They have considered
the same set-up suggested by G. R. Dvali and M. A. Shifman [2]: SU(2) YM theory
Higgsed down to a U(1) inside a region Σ closed by two 2-d domain walls. Inside Σ
the Higgsation corresponds to the presence of a kink solution charged with respect to
SU(2) but leaving massless a U(1) gauge subgroup. The kink solution corresponds to
the presence of a t’Hooft-Polyakov monopole in the bulk region Σ. The kink/soliton
correspondence was well known in literature of domain walls, topological solutions and
D-branes [5, 6, 7]. Finally, DNT have shown a correspondence among the t’Hooft-
Polyakov monopole [3, 4] in the bulk and a gauge instanton solution in the lower
dimensional theory localized on the domain walls. The gauge instanton solution de-
scribes the quantum tunneling process of the monopole outside the bulk region Σ. Of
course, these arguments can work only considering that domain walls are at a distance
l >> ρ, where ρ is the effective size of the monopole solution. In this regime, the
problem is in semiclassical approximation regime and one can neglect quantum non-
perturbative corrections to the system. The tunneling probability is expected to be
exponentially suppressed as in standard WKB semiclassical approximation.
In this paper, we will suggest a general proof of the instanton/soliton correspondence
to a generic d = 4 YM theory. We will demonstrate that all instanton solutions in a
d = 4 YM theory are in 1↔ 1 correspondence with d = 5 systems composed of two d =
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4 domain walls closing a solitonic solutions inside the bulk Σ. In our proof, we will use
geometric methods developed by M.F. Atiyah, V.G. Drinfeld, N.J. Hitchin, Y.I. Manin,
known in literature as ADHM construction [8, 9]. The ADHM construction is a general
formal method to construct all gauge instantons of a generic YM gauge theory. In
particular, ADHM construction uses twistor/quaternionic formalism in order to classify
all possible fiber/connection gauge fields on the Minkonski space-time. Our strategy
will be the following: using the kink/soliton correspondence, we will demonstrate that
the unitary matrix UA, diagonalizing the tachyon condensate matrix |T |2, will have
exactly the same moduli of the ADHM ansatz matrix (Aµ =
1
g
UA∂µUA, where g is
the YM gauge coupling), under quite general hypothesis. In other words, the number
of moduli parametrizing the shape of the tachyon kink is in 1 ↔ 1 correspondence
with moduli parametrizing the instantonic solution. This correspondence among kinks
and instantons will be found for a generic instanton with generic topological charge
K. In particular, an instanton with K = 1 is recovered from a kink charged with
respect to SU(N + 2)×U(2), while for generic K from a kink charged with respect to
SU(N + 2K)× U(2K).
2 ADHM construction: a short review
ADHM construction is a powerful geometric method allowing to construct all gauge
instantons. It uses xµ in Euclidean space-time coordinates in quaternionic notation:
xµij =
(
z2 z1
−z¯1 z¯2
)
(1)
Let us consider a SU(N) × U(K) YM theory in d = 4. The ADHM construction is
based on the following ansatz:
Aµ(x) =
1
g
U¯A∂µUA (2)
where UA is a (N + 2K) × 2K complex matrix. Columns of UA are the orthonormal
vectors, basis of the N-dimensional null space of the Dirac operator ∆:
∆UA = 0 (3)
where ∆ is a 2K×(N+2K) matrix. It turns out that ∆ is just a linear matrix function
of xµij , i.e. it can be written in terms of matrices I, J, B1,2 and quaternionic variables:
∆ =
(
I B2 + z2 B1 + z1
J† −B†1 − z¯1 B†2 + z¯2
)
(4)
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with ADHM constraints
0 = µR = 2µ3 = I
†I − J†J + [B1, B†1] + [B1, B†1] (5)
0 = µC = µ1 + iµ2 = IJ + [B1, B2] (6)
Eqs.(5)-(6) reduce the redundancy of parameters exactly to the moduli space of gauge
instantons. Eqs.(5)-(6) correspond to the factorization
∆∆† = diag{F (x), F (x)} (7)
where F (x) is a k × k Hermitian matrix.
So that, the ADHM construction uses the following ADHM data: complex matrices
UA composed of the orthonormal vectors of the null space of the Dirac operator ∆ ;
B1,2 which are K × K complex matrices; I, J K × N and N × K complex matrices;
constraints µR,C = 0. The metric of the instanton moduli space is contained in the flat
metric of B, I, J .
3 Main argument
Let us consider a SU(N + 2K) × SU(2K) YM theory. We suppose inside the bulk
region Σ a tachyonic kink potential connecting to asymptotic vacua ±v outside Σ. The
tachyonic kink has a generic sombrero potential V (T ), where T is the scalar field with
a ground kink solution in Σ. The Tachyon field is chosen as an adjoint representation
of SU(N + 2K)× SU(2K), i.e. it is a (N + 2K)× 2K matrix. This implies that the
combination T T † is a (N +2K)× (N +2K) matrix with at least 2K zero eigenvalues,
while N + 2K eigenvalues are exactly equal to the one of T †T . So that, T T † can be
diagonalize in irriducible blocks by a unitary rotation matrix:
UAT T †U †A =
(
0 0
0 T †T
)
(8)
We assume as a hypothesis that T †T is definite positive. This implies that all eigen-
values of T †T cannot be negative or null values, i.e. λi > 0. Now let us define the
matrix Λ =
√
T †T . From proprieties of T †T , Λ is hermitian with a 22K degeneracy
of its eigenvalues ±√λl. Let us consider only positive eigenvalues of Λ, up to discrete
symmetries Z2K2 subgroup of U(2K). Under these assumptions, UA can be decomposed
as eigenvectors of the null space N of T † operators an the hortogonal to the null space
N T :
UA = (V,W) (9)
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T †V = 0 (10)
W = T Λ−1 (11)
where Λ−1 can be defined under definite positiveness assumption assumed above. Now,
let us impose the unitarity condition on the UA matrix:
IN+2K = U †AUA =
( V†V V†T Λ−1
Λ−1T †V Λ−1T †T Λ−1
)
(12)
I2K = UAU †A = VV† + T Λ−2T † (13)
where IN+2K , I2K are the (N+2K)× (N+2K) identity matrices. We will demonstrate
that Eqs.(12)-(13) are nothing but ADHM equations of a generic K-instanton of a
SU(N) gauge theory. In other words, UA corresponds to the matrix of ortho-normal
eigenvectors of the Dirac operators ∆. So that, from UA we will construct the fiber
gauge connection field Aµ, according to ADHM ansatz.
The Eqs. (12)-(13) guarantee that the matrix T can be decomposed in the basis of
σµ as
T (x) = c
(
α
(βµ − xµ)σµ
)
(14)
It will turn out that α, βµ are the same instantonic data of the ADHM construction:
MN,K = {α, βµ}/U(k) (15)
In order to show the correspondence of parameters between (14) and (15), let us expand
the combination T †T in basis of Pauli matrices as
T †T = c2µ0 × I2 + c2
3∑
i=1
µi × τi (16)
where µ0, µi are K×K matrices and c is a constant. Now, from the general proprieties
of decompositions in Pauli basis, we can rewrite coefficient matrices in terms of new
matrices I, J, Bn and quaternionic variables z, z¯:
µR = 2µ3 = I
†I − J†J + [B1, B†1] + [B2, B†2] (17)
µC = µ1 + iµ2 = IJ + [B1, B2] (18)
µ0 =
1
2
{
II† + JJ† +
1
2
2∑
n=1
{Bn − za, B†n − z†a}
}
(19)
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Bu these conditions are nothing but the ADHM equations. In ADHM construction,
all gauge instantons are constructed using the constrains
µC = µR = 0 (20)
while T is Linearly dependent to the ∆ operator as
T = c∆ (21)
where ∆ is the Dirac operator of ADHM. In particular
T (x) = c
(
I B2 + z2 B1 + z1
J† −B†1 − z¯1 B†2 + z¯2
)
(22)
that is equivalent to (14) with
B1 = β
2 + iβ1, B2 = β
0 + iβ3 (23)
z1 = x
2 + ix1, z2 = x
0 + ix3 (24)
3.1 t’Hooft-Polyakov monopole and BPST instantons
Let us consider a tachyon kink with a center distribution
c
(
ρ× I2
(αµ − xµ)× σµ
)
(25)
with µr,c = 0 and µ0 = |α− x|2 + ρ2. Such a tachyon profile correspond to a t’Hooft-
Polyakov monopole confined into the region Σ closed by two domain walls. According
to the construction given above, we obtain the corresponding unitary matrix
UA = 1√
µ0
(
(αµ − xµ)σµ ρ× I2
−ρ× I2 (αµ − xµ)σµ
)
(26)
But this is nothing but the standard BPST solution for N = 2 and K = 1 [10] In
particular the corresponding field is
Aaµ =
2
g
ηaµν(x− z)ν
(x− z)2 + ρ2 (27)
In particular the instantonic field strenght has the form
Fµν =
2iρ2ηiµντi
g(|x− α|2 + ρ2)2 (28)
Note that the number of moduli for the 5d monopole corresponds to the 4 spontaneously
broken generator of spatial translation plus the only rotation in the internal SU(2)
which leaves the condensate intact, i.e. 4+1 moduli. On the other hand, Moduli of
4d BPST solution are 4 + 1: xµ0 , ρ, corresponding to the center and the radius of the
instanton solution.
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4 Conclusions and outlooks
In this paper, we have demonstrated a correspondence among gauge instantons in 4-d
YM theories and soliton in higher dimensional theories. The soliton corresponds to a
kink solution localized in a region Σ closed by two domain walls. We have shown that
the number of moduli describing the kink solution is exactly coincident to the number
of moduli describing the position and shape of the gauge instanton. As suggested by
G. Dvali, H. B. Nielsen and N. Tetradis (DNT), the instanton solution describes the
quantum tunneling process of a soliton outside the domain walls box. In our paper,
we have shown a formal generalization of their argument to more general cases than
SU(2) theories studied by DNT, by virtue of the ADHM classification of all SU(N)
gauge instantons.
Let us comment that in string theory, there are interesting counter-examples of
instantons that cannot be obtained by ADHM construction: Exotic stringy instantons
can be constructed as Eucliden D-branes or E-branes wrapping different n-cycles, on
the internal Calabi-Yau compactifications, then ordinary D-branes [11]. For example,
in IIA string theory, Exotic stringy instantons correspond to solitonic E2-branes wrap-
ping 3-cycles in the CY3. The number of cycles is determined by the worldvolume
action of the E2-brane: other numbers of cycles would develop tachyonic instabilities.
So that, instanton/soliton correspondence could be also more general than the one that
we have demonstrated in this paper in context of gauge theories. The relevance of ex-
otic instantons in particle physics and baryogenesis was recently discussed in our papers
[12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22]: we have shown calculable examples of new
effective operators induced by exotic instantons while not allowed at perturbative level.
Finally, the instanton/soliton correspondence could be extended to semiclassical quan-
tum gravity. Possible connections among YM instantons and Gravitational instantons
were found by J. J. Oh, C. Park and H. S. Yang [36]. Gravitational instantons were
classified by G. W. Gibbons and S. W. Hawking [37, 38]. These solutions can be inter-
preted as wormholes, as argued by Strominger [23], Hawking [24, 25] and in following
papers [26, 27, 28, 29, 30], with perhaps possible implications in ER=EPR conjecture
[31, 32] and in entangled cosmology [33, 34, 35]. In other words, a S2×S2 gravitational
instanton mediates a quantum tunneling of a black hole into a white hole solution.
Gravitational instantons could also mediate tunneling processes of antievaporating un-
stable Nariai black holes. Antievaporation of Nariai black holes was found by Bousso
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and Hawking in quantum gravity coupled to a dilaton fields [39]. This phenomena
was re-discovered by Nojiri and Odintsov in classical f(R)-gravity [40, 41], and then in
several different extension of general relativity [42, 43, 44, 45]. As shown in Ref.[46],
Bekenstein-Hawking radiation cannot be emitted by antievaporating black holes, i.e.
antievaporation cannot be countered by Bekenstein-Hawking evaporation. Gravita-
tional instanton/soliton correspondence could be useful for an understanding of the
final fate of antievaporating black holes. From the instanton/soliton correspondence,
Black hole could be reinterpreted as a gravitational soliton, spontaneously breaking
BMS invariance and carrying quantum soft hairs as BMS moduli (see [47, 48, 49] for
many proposal on linking BMS with quantum soft hairs).
We conclude that the instanton/soliton correspondence seems to be a powerful and
general aspect of all gauge theories and their extensions (as string theory). In this way,
instantonic solutions can be visualized as extended solitonic configuration localized
in a certain region Σ. A reinterpretation of instantons as solitons can provide useful
insights in fundamental particle physics and quantum gravity.
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